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We show theoretically and experimentally that scattered light by thermal phonons inside a second-
order nonlinear crystal is the source of additional phase noise observed in Optical Parametric Os-
cillators. This additional phase noise reduces the quantum correlations and has hitherto hindered
the direct production of multipartite entanglement in a single nonlinear optical system. We cooled
the nonlinear crystal and observed a reduction of the extra noise. Our treatment of this noise can
be successfully applied to different systems in the literature.
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In quantum information, processes with continuous
variables have attracted growing attention, involving the
manipulation of states of light and atoms. Examples are
the unconditional quantum teleportation of states of the
electromagnetic field [1], and teleportation and storage of
quantum information between light and atoms [2]. Many
of these experiments involved nonclassical states of the
electromagnetic field, either squeezed states or N-partite
entangled states, generally obtained from the combina-
tion of squeezed states in a set of beam-splitters [3].
Quadrature squeezed states of the electromagnetic field
attracted renewed interest, after the initial promises of
ultra-sensitive spectroscopy and noiseless communication
channels, predicted in the late 80’s.
A source of nonclassical states are nonlinear crystals
inside optical cavities. This was the case for the first gen-
eration of squeezing in parametric down conversion [4],
soon followed by the observation of quantum correlations
between separate fields [5] and production of entangled
states [6] in an Optical Parametric Oscillator (OPO), and
squeezing in Second Harmonic Generation (SHG) [7]. At
the heart of this process is the parametric coupling of
three fields, used for twin photon generation, but with
the enhancement and mode selection given by a resonant
cavity. Early studies [8] theoretically demonstrated that
a nonlinear crystal inside a cavity would produce squeez-
ing in different modes, and entanglement between pairs
of modes.
Despite this long list of successful implementations
showing excellent agreement with the theory, the mea-
surement of other nonclassical fundamental characteristic
features remained elusive. Phase quadrature squeezing of
the pump field in the above-threshold OPO [9] presented
an unexplained excess noise, that could not be accounted
for by any known source in the system. Furthermore,
the first measurements of noise correlations between the
phases of signal and idler beams in OPO’s above thresh-
old resulted in great excess noise where squeezing was ex-
pected [10]. The first measurement of this quantum cor-
relation, demonstrating entanglement of signal and idler
beams [11], was limited to operation very close to thresh-
old. An increase in the pump power rapidly degraded the
quantum phase correlations. This was one of the main
reasons why signal and idler entanglement remained un-
observed for almost 20 years after its prediction [8]. Mea-
surements performed later by other groups [12, 13] con-
firmed this excess noise, and many attempts where made
to explain its origin [14—16]. The same kind of problems
were observed in the coupling of infrared and green fields
in a degenerate OPO/SHG [17]. Moreover, the direct
production of three mode entanglement was also pre-
dicted [18], but the first experimental implementations
could not overcome this unknown source of extra phase
noise [19].
Here, we make a detailed treatment of this extra noise
in the OPO and experimentally verify its predictions.
The model is described in section I, and the expected
behavior for an OPO is then presented. A full charac-
terization of this noise in the three modes of an optical
cavity encompassing a nonlinear crystal is given in sec-
tion II. This complete description of the noise presents
good agreement with the experimental observations of
the covariance matrix, measured for the OPO described
in ref. [19] (section III). We show that this additional
noise is consistent with a model of incoherent (thermal)
phonon noise. Random density fluctuations are induced
and, via the change of the refractive index, entail phase
fluctuations as described in section IV. We also apply
our model to other results reported in the literature, with
good agreement. Finaly, we conclude by a discussion on
proposals for reducing or eliminating this noise in exper-
iments for the production of squeezed or entangled states
involving phase quadratures.
I. MODEL FOR THE INTRODUCED PHASE
NOISE
In the present study, we will consider that the crystal,
although homogeneous, can have small fluctuations in its
2permittivity. The refractive index fluctuates owing to lo-
cal density fluctuations associated with acoustic phonons
inside the crystal. This density change results in Stokes
and Brillouin light scattering [20] with frequency shifts
in the scattered light. In the present case, we will be in-
terested in the fraction of the scattering that is coupled
into the cavity modes, with small shifts in the frequency
(within the cavity bandwidth).
If we consider that the constitutive relation between
the displacement vector D and the electric field E in-
cludes a random local fluctuation in permittivity δε
D = ε E + δε(z, t) E, (1)
we have, from the Maxwell equations
∇× E = − ∂
∂t
B, and ∇× H = ∂
∂t
D, (2)
the resulting wave equation coupling this fluctuation to
the propagating field is thus given by
∇2 E = µ0ε ∂
2
∂t2
E + µ0
∂2
∂t2
(δε E). (3)
In the present case, we will be interested in a single
frequency, of a given polarization, referring to a mode
j of the optical cavity. We can thus separate a slowly
varying amplitude of the field Aj from the fast oscillating
part
Ej(r, t) = Re[Aj(r, t) exp(injkjz − iωjt)] , (4)
with kj = ωj/c, where c is the speed of light in vacuum
and nj =
√
εj/ε0 is the refractive index. The amplitude
includes both the mean value A¯j and the fluctuations
induced by the permittivity:
Aj(r, t) = A¯j(r) + δAj(r, t) . (5)
Since we are dealing with the resonant modes in a cav-
ity, the solutions of the wave equation can be limited
to the paraxial approximation. The amplitude of the
field will satisfy the paraxial wave equation [21], so
A¯j(r) = αju
(h)
j (r), where the transverse mode (h) for the
longitudinal mode j can be described in the Hermite or
Laguerre-Gauss basis by the function u
(h)
j (r). The mode
amplitude αj is treated as a constant, an approximation
which is valid in the case that field depletion is small.
The wave equation for the fluctuating part can then
be solved, in the paraxial approximation, considering a
slowly varying envelope for the field fluctuation. Exam-
ining the contribution of scattering at the sideband of the
carrier we have, in the frequency domain,
δAj(r,Ω) = i
njkj
2εj
αju
(h)
j (r)δεj(r,Ω)δz , (6)
for a given position of the wavefront. Note that this con-
tribution occurs in quadrature with the local field mean
amplitude αju
(h)
j (r).
The total contribution of the fluctuation for a given
field mode, δαj(z,Ω), can be evaluated using the orthog-
onality of the basis states (
∫
u
(h)
j (r)u
(g)∗
j (r) dx dy = δhg).
Performing the transverse integration of the fluctuating
part of eq. 5, with the weight factor u
(h)∗
j (r) account-
ing for the coupling of the scattered field into the cavity
mode, we have
δαj(z,Ω) =
∫
δAj(r,Ω)u
(h)∗
j (r) dx dy . (7)
Finally, the total contribution of the fluctuation will in-
clude the integration over the crystal length. The result-
ing added noise will be a fluctuation term, named δQj ,
to be added in the stochastic treatment of the quantum
fluctuations inside the cavity. This term is in quadrature
with the amplitude αj of the field. Thus, it can be de-
scribed as an additional phase noise for an intense mean
field.
δQj(Ω) = −i
∫
δαj(z,Ω)dz (8)
=
njkj
2εj
αj
∫
|u(h)j (r)|2δεj(r,Ω) dx dy dz .
As we can see, the random fluctuation in the crystal per-
mittivity will not produce any significant contribution
to the amplitude quadrature. The resulting change in
the refractive index will only produce phase fluctuations
that couple to the resonant cavity mode, within the cav-
ity bandwidth, resulting in an additional source of noise.
This noise will be particularly important for experiments
in quantum optics, as we observe in the next section,
when we add this term to the treatment of quantum fluc-
tuations in the OPO.
A. Excess Noise in the OPO
Most of the systems involving second order nonlinear-
ities inside a cavity can be described by the evolution of
the three coupled fields. Let us define our amplitude and
phase quadrature operators from the creation operator
of the field aˆ = eiθ(pˆ + iqˆ), where the arbitrary phase
θ is chosen such that 〈qˆ〉 = 0. With this choice of θ,
quadrature pˆ is associated with the amplitude, and qˆ is
associated with the phase in the case of an intense field.
In a linearized description of the fields, with δaˆ = aˆ−〈aˆ〉,
field fluctuations are given by the vector
X = [δpˆ0, δqˆ0, δpˆ1, δqˆ1, δpˆ2, δqˆ2]
T . (9)
The operators can be replaced by c-numbers using the
master equation for the density operator and a quasi-
probability representation of the field, such as the Wigner
distribution, to obtain a Fokker-Planck equation [22] and
its equivalent description by Langevin equations. In this
linearized approach, equations for the evolution of field
3fluctuations inside a cavity are described by the following
Langevin equation
τ
∂
∂t
X =MA X +Mγ
Xin1 +Mµ
Xin2 +
Q , (10)
where τ is the round trip time of the wave inside this
cavity. The drift matrix MA describes the evolution of
the field fluctuations in a round trip, including atten-
uation, parametric amplification and phase shifts. The
next two terms couple the input field fluctuations to the
cavity through the input coupler (Mγ) and the spuri-
ous losses (Mµ), and are associated to the diffusion in
a Langevin process. This coupling is described by the
diagonal matrices
Mγ = diag
[√
2γ0,
√
2γ0,
√
2γ1,
√
2γ1,
√
2γ2,
√
2γ2
]
,
and
Mµ = diag
[√
2µ0,
√
2µ0,
√
2µ1,
√
2µ1,
√
2µ2,
√
2µ2
]
,
(11)
connecting the input fields Xin1 and vacuum fluctuations
Xin2 through the input ports. In this description, spu-
rious losses in each mode j are given by 2µj , and the
mirror transmission is given by Tj = 2γj .
The excess phase noise coming from the phonons in
the crystal is given by the additional contribution to the
phase fluctuations (eq. 8). This stochastic fluctuation
will be present in the three relevant cavity modes, de-
scribed by the vector
Q = [0, δQ0, 0, δQ1, 0, δQ2]
T . (12)
In the frequency domain, eq. 10 can be described by
iΩ X =MA X +Mγ
X in1 +Mµ
Xin2 +
Q , and the intra-
cavity fluctuations will then be given by
X(Ω) = [iΩI −MA]−1(Mγ X in1 +Mµ X in2 + Q) . (13)
Using the input-output formalism [23] we have the fluc-
tuations of the output port of the cavity given by the
reflection of the input, added to the transmitted internal
fluctuation: Xout(Ω) =Mγ X(Ω)− X in1 . In this case we
can easily calculate the covariance matrix of the output
field V = Xout(Ω)[ Xout(−Ω)]T , resulting in
V = I + Vpure + Vloss + Vphase . (14)
The identity matrix I is associated with the Standard
Quantum Level (SQL) of noise, characteristic of coherent
states (including vacuum). The next term
Vpure = (15)
Mγ [iΩI −MA]−1MγMγ{[−iΩI −MA]−1}TMγ
−Mγ
(
[iΩI −MA]−1 + {[−iΩI −MA]−1}T
)
Mγ
stands for the squeezing and the quantum correlation
leading to entanglement in this system. For unitary in-
tracavity operations, the resulting state will be pure and
Det[I + Vpure] = 1 [24]. There is also a noise term ow-
ing to the input fluctuations through the spurious losses,
uncorrelated with the reflected fluctuations through the
input port, degrading the level of squeezing and/or en-
tanglement and state purity as well:
Vloss = (16)
Mγ [iΩI −MA]−1MµMµ{[−iΩI −MA]−1}TMγ .
Finally, the internal added noise will depend on the
covariance matrix for the additional phase fluctuations
VQ(Ω) = Q(Ω) Q
T (−Ω), affected by the cavity interac-
tion and the nonlinear coupling given by the drift matrix
MA:
Vphase = (17)
Mγ [iΩI −MA]−1VQ(Ω){[−iΩI −MA]−1}TMγ .
A detailed evaluation of the terms in the covariance ma-
trix VQ will be given in the section IV. For the moment,
considering the fluctuation term presented in eq. 8, we
expect that the covariance terms of this extra noise are
given by:
〈δQj(Ω)δQk(−Ω)〉 = njkjnkkk
4εjεk
σjkαjαk
= ηjk
√
PjPk. (18)
The noise coupling term ηjk depends on the wavelength
through kj and kk and on the evaluation of the double
integration coming from the product of eq. 8 for two dif-
ferent modes, resulting in σjk. Here we have used the
fact that the intracavity amplitude of the field αj is pro-
portional to the square root of the intracavity power Pj
From this simple model, a wide variety of experiments
involving two or three fields coupled by nonlinear effects
can be studied, implying in different forms of matrixMA
in eq. 10. In the case that signal and idler modes are
degenerate, as in a degenerate OPO, seeded OPA, sub-
threshold OPO and SHG, the problem can be reduced
to the evaluation of a matrix of size 4 × 4. In the case
of a cavity without nonlinear interaction, the drift ma-
trix is reduced to MA = −(M2γ +M2µ)/2. For a non-
degenerate, unseeded OPO above threshold, with bal-
anced losses for the signal and idler modes (γ1 = γ2 = γ
and µ1 = µ2 = µ), the drift matrix has a simple form in
the case of exact resonance (zero detuning) [25]:
MA =

−γ′0 0 −γ′β 0 −γ′β 0
0 −γ′0 0 −γ′β 0 −γ′β
γ′β 0 −γ′ 0 γ′ 0
0 γ′β 0 −γ′ 0 −γ′
γ′β 0 γ′ 0 −γ′ 0
0 γ′β 0 −γ′ 0 −γ′

, (19)
with the coeficient β being given by the ratio of the am-
plitude for signal and idler fields α by the pump field
4amplitude α0:
β =
α
α0
=
√
γ0
γ
√√
Pin
Pth
− 1 , (20)
where Pin is the input power of the pump beam, and
Pth is the oscillation threshold. 2γ
′
0 = 2(γ0 + µ0) and
2γ′ = 2(γ + µ) are the sum of round trip losses.
Before we apply this model to the OPO described in
ref. [19], we will characterize the coupling terms ηjk of
eq. 18, describing the dependence of the noise matrix VQ
with the intracavity power for each mode. This can be
done by injection of a classical, coherent field in each
mode of the cavity involved in the parametric oscillation,
and studying the dependence of the phase noise of the
output field with the intracavity power (proportional to
the incident power).
II. EXPERIMENTAL CHARACTERIZATION
OF THE EXCESS NOISE
We investigated the spurious excess noise using the ex-
perimental system as described in [19], reproduced here
in fig. 1. The cavity is pumped by the second harmonic
of a Nd:YAG laser (Innolight Diabolo), filtered with a
mode cleaning cavity to ensure that pump fluctuations
are reduced to the SQL for frequencies above 20 MHz.
The filter cavity bandwidth is 2.3 MHz, and its trans-
mission is 55% for the carrier frequency. The filtered
pump beam is then injected in the OPO, with adjustable
power, through the input coupler (IC) with reflectivity of
70% for the pump field (532 nm). The reflected pumped
field is recovered from the Faraday rotator (FR). The in-
frared output coupler (OC) has a reflectivity of 96% at
≈ 1064 nm. Both mirrors are deposited on concave sub-
strates with curvature radius of 50 mm. The crystal is a
bulk, High Gray-Tracking Resistant KTP (HGTR-KTP,
Potassium Titanyl Phosphate, by Raicol Crystals) cut
for type-II phase matching, with length ℓ = 12 mm, and
anti-reflective coating for both wavelengths. The aver-
age free spectral range for the three modes is 5.1(1) GHz.
The cavity finesses for pump, signal, and idler modes (the
latter defined as the mode with the same polarization as
the pump) are, respectively, 16, 135, and 115. The overall
detection efficencies are 87% for the infrared beams and
65% for the pump, accounting for detector efficiencies
and losses in the beam paths. An infrared beam could
be injected in the OPO cavity using an harmonic beam
splitter (HS). Its polarization could be adjusted with a
half-wave plate (not shown), to match each mode of the
cavity with the birefringent crystal inserted.
In this setup, the initial study of the excess noise pro-
duced inside the cavity was done by the injection of an
intense field in each one of the modes involved in the
OPO. In all the measurements presented here, care was
taken to avoid phase matching for the relevant paramet-
ric processes of up and downconversion. The absence of
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FIG. 1: Setup for the experiment. Pump laser: Innolight
Diabolo, HS: harmonic separator/combiner, PBS: polarizing
beam splitter. Filtering cavity, analysis cavities and OPO as
described in the text.
stimulated parametric conversion was assured by keep-
ing the pump beam below the OPO threshold. For the
infrared injection, second harmonic generation is avoided
by careful temperature tuning of the crystal. All mea-
surements were made keeping the OPO at exact reso-
nance by a simple dither-and-lock technique applied to
the cavity lenght using a piezo actuator on the input cou-
pler. Mode 0 (which corresponds to the pump mode in
the OPO) is investigated by the injection of the 532 nm
beam, polarized in the xy plane (referring to crystallo-
graphic axes), through the input coupler for the pump
mode. The noise and the total power of the reflected
field is then measured. Mode 1 (signal mode) is inves-
tigated by injection of the 1064 nm beam through the
input coupler, which has a very small transmittance at
this wavelength (< 0.2%), with polarization parallel to
the z axis of the crystal. Mode 2 (idler mode) is investi-
gated with light at the same frequency, with polarization
parallel to the xy plane. In both cases, the noise proper-
ties of the transmitted light is analyzed.
Phase noise measurements were performed using the
ellipse rotation method described in [26, 27], with the
help of analysis cavities. Cavities 1 and 2 (for the trans-
mitted infrared beams) have bandwidths of 14(1) MHz,
and cavity 0 (for the reflected pump) has a bandwidth
of 12(1) MHz. This ensures full rotation of the noise el-
lipse [25] for the chosen analysis frequency of 21 MHz.
Mode matching of the beams to the analysis cavities was
better than 95%.
An example of such a measurement is presented in
fig. 2, where the intensity noise of the beam reflected
by the cavity is fitted according to [25], returning the
values of the variance of amplitude and phase quadra-
ture noises. Noise was measured using a demodulating
chain and an A/D converter, and each measured correla-
5tion value was an average of 1000 points, acquired with
a bandwidth of 600 kHz. SQL calibration was obtained
by the measurement of the variance of a coherent field
at different intensities, showing a linear dependence with
the beam power. Linearity is verified with great preci-
sion, such that the shot noise level is determined within
0.5% [28].
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FIG. 2: Measurement of phase noise using the reflection off
an empty cavity. The intensity noise of the reflected beam is
normalized to the shot noise level, and fitted according to [25],
returning the phase and amplitude variances. The reflectivity
of the cavity is fitted by a lorenztian
The covariance terms ∆2Qk(Ω) from the matrix VQ
and their dependence on the intracavity power are ob-
tained from the excess noise measured from the reflected
beam (532 nm) or from the transmitted beam (1064 nm),
applying the model of eq. 14 with the drift matrix MA
for uncoupled fields. The measured variance for ampli-
tude and phase quadratures of mode 0 is shown in fig. 3
(left) for different values of the reflected power. Ampli-
tude fluctuations remain at the shot noise level and the
phase quadrature presents an excess noise which varies
linearly with the power, consistent with the results ob-
served in [14]. Similar results were obtained for modes
1 and 2 (fig. 3 - right). The small transmission of the
input coupler provided a strong attenuation of the IR
beam, and the measured results for the cavity transmis-
sion without the crystal revealed that the noise level of
both quadratures for the transmitted beam were reduced
to the standard quantum level. Thus, any excess noise
at this wavelength is provided by the crystal and occurs
only for the phase quadrature, as expected.
The results agree well with the description of a lin-
ear dependence of the internal noise with the light power
(from eq. 18, ∆2Qj = ηjj Pj). Using the measured mir-
ror coupling and losses for this cavity, the noise coupling
terms ηjj relating the added noise to internal circulating
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FIG. 3: Measured variances for each mode of the field, as a
function of the output power. Left: reflected light from the
cavity, for the mode 0 (532 nm). Right: transmitted light for
the modes 1 and 2 (1064 nm).
power are
η00 = 0.53/W, η11 = 0.15/W,
and η22 = 0.14/W. (21)
Uncertainties of these values are mainly due to their local
dependence with the point of the crystal where the beam
is injected. Lateral displacements of the crystal resulted
in changes of the order of 20%. The first point to notice is
the ratio of the coupling constant to the wavelength. We
have η11 ≃ η22, and η00/η11 = 3.7(5), in good agreement
with the dependence expected from eq. 18.
After the characterization of the diagonal terms in the
covariance VQ, we studied the cross correlation terms
using simultaneous injection of two modes. The crystal
temperature is carefully tuned in order to obtain cavity
double resonance, while keeping the third mode far from
resonance, thereby avoiding system oscillation owing to
the injection of a seed in the parametric process.
As a result, the curves plotted in fig. 4 show that the
correlation depends on the square root of the power of
each beam. Similar results were obtained for the noise
correlation between modes 0 and 2, and 1 and 2. From
the fitting of these curves we can evaluate the following
noise coupling terms
η01 = 0.14/W, η02 = 0.15/W,
and η12 = 0.087/W. (22)
Although the uncertainties are somewhat high (about
20%), the confidence band ensures that correlations are
not perfect (ηjk <
√
ηjjηkk), differently from the treat-
ment in ref. [17].
We conclude that the generated phase quadrature
noise depends linearly on the intracavity power, as de-
scribed in ref. [29], but that the noises of different beams
are not perfectly correlated. Moreover, amplitude fluc-
tuations remain uncoupled from this additional noise
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FIG. 4: Left: Covariance of phase quadratures of modes 0
and 1 (orthogonally polarized modes) as a function of the
reflected power, for different transmitted power of mode 1.
Right: Same, but varying power of mode 1 for two different
values of power in mode 0.
source. After this characterization, we independently
measured all the parameters involved in the evaluation
of the covariance matrix of the OPO presented in eq. 14.
Now we compare the results obtained from the model,
after the parameters’ evaluation, with the experimental
results.
III. NOISE IN THE ABOVE-THRESHOLD OPO
In order to study the noise properties in the OPO,
we removed the injected infrared field and increased
the power of the green beam, pumping the OPO above
threshold. We measured the covariance terms for many
different values of input power, ranging from 1 to 1.7
times the threshold power of 70 mW. In the following,
we present the experimental data obtained, with its un-
certainties, and the expected values from our model. We
also include the theoretical predictions in the absence of
the additional phonon noise.
According to the model, covariance matrix terms for
the amplitude quadratures are unaffected by this addi-
tional phase noise, and the results do not change by its in-
clusion. The results in this case are shown in fig. 5 for the
amplitude variances and for the amplitude correlations.
The plots are obtained from the model using measured
detection efficiency and cavity parameters, without any
free parameters. Good agreement is observed, although
the amplitude fluctuations of the signal mode are slightly
smaller than expected. Noise covariances involving two
fields are in very good agreement with theory.
For the phase quadrature, the fluctuations of the re-
fractive index scatter light from the carrier (the mean
field amplitude) into the sidebands at 21 MHz. The re-
sulting noise in the output combines the contributions
from the parametric process and from this additional
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FIG. 5: Covariance terms of the amplitude quadratures in the
OPO operating above threshold, as a function of the pump
power (normalized to threshold). The lines are obtained from
the model, without any fitting. Left: Variance for pump (0),
signal (1) and idler (2). Right: covariances involving pairs of
fields.
noise term. Our results are presented in fig. 6 for the
covariances of the phase quadrature fluctuations. The
curves are obtained from the values of cavity parame-
ters, and from the measured noise terms given in eqs. 21
and 22 applied to eq. 14. Good agreement is obtained
for the variances of signal and idler (fig. 6 - Left). As for
the pump, the measured noise level was smaller than ex-
pected, but its dependence with the pump power presents
good qualitative agreement. The results are, neverthe-
less, much closer to the the presented model with extra
noise than to the OPO model without additional noise
(open symbols in the plot), which predicts squeezing for
the pump and a nearly constant noise for signal and idler.
The agreement for the cross covariance terms is even bet-
ter (fig. 6 - right), with a very good agreement for the
correlations of pump with signal and idler, and a qual-
itative agreement for signal and idler correlation. The
expected values without additional noise fail to describe
the observed results. The unbalance of signal and idler
correlations with the pump mode can be understood in
view of the simplified model for the drift matrix MA,
where balanced losses for these modes are used. The
good qualitative agreement for these results could be im-
proved by fitting the curves using the noise coupling ηjk
as an adjustable parameter.
Thus, the model allows us to consistently explain
the previously unexpected OPO measurements reported
in [19]. Correlations among all three fields are now ac-
counted for and we can explain why the predicted pump-
signal-idler tripartite entanglement was not observed for
these levels of additional noise. Two challenges remain:
how can we ascertain that the physical origin of the
noise is related to phonons in the crystal and how can
we control and reduce it to achieve tripartite entangle-
ment. This is discussed in the following section, where
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FIG. 6: Covariance of the phase quadratures in the OPO
operating above threshold, as a function of the pump power
(normalized to threshold). The lines are obtained from the
model, without any fitting. Open symbols refer to the model,
without additional noise. Left: Variance for pump (0), signal
(1) and idler (2). Right: covariances involving pairs of fields.
we present a detailed theory for the phonon noise in the
crystal and verify experimental signatures of its predic-
tions. Then, we also apply our model to other systems
described in the literature, where the same kind of phase
quadrature noise behavior was reported.
IV. PHONON NOISE COUPLING
In order to develop a model that relates the crystal
vibration to the phase fluctuations of the fields in their
propagation through the crystal, we have to consider the
modulation of the permittivity by the local displacement
of each part of the crystal. This displacement is repre-
sented by a field of local dislocations u(r), where r is a po-
sition in the crystal. Displacements involving an overall
crystal displacement or rotation do not contribute to any
change in the crystal energy [30, 31], and therefore cannot
affect the dielectric constant. The important quantity, in
this case, is the strain
Slm =
1
2
·
∂um(r)
∂xl
+
∂ulr)
∂xm
]
(23)
that is a six element vector (with lm =
[xx, yy, zz, yz, xz, xy]).
The strain vector S is coupled to the fluctuations of the
dielectric tensor δε by a four rank photoelastic tensor [32]
δεid = −εiεd
ε0
∑
lm
pidlmSlm . (24)
In the present case, looking for the contribution of the
strain to the propagating field, we can restrict this study
to the polarization term that is collinear with the electric
field, and limit the problem to the case i = j. We will
therefore keep the short notation δεi = δεii used in eq. 6.
In order to evaluate the correlation of the phase fluc-
tuations, we can apply eq. 24 to eq. 8, obtaining
〈δQj(Ω)δQk(−Ω)〉 = kjkk
n3jn
3
k
4
αjαk × (25)∫
|uj(r)|2|uk(r′)|2∑
(lm),(np)
pjjlm pkknp 〈Slm(r,Ω)Snp(r′,−Ω)〉drdr′ .
The integration involves a convolution of the intensity
profile of each field by the correlation of the noisy strain
vector, implying in an accurate knowledge of this correla-
tion. Nevertheless, further understanding of the scatter-
ing process can be obtained if we consider some specific
conditions of operation and some assumptions involving
this correlation term.
For the case where the beam waist inside the crystal is
larger than the coherence length lc of the acoustic waves
of thermal origin, we can approximate the correlation by
a delta function
〈Slm(r,Ω)Snp(r′,−Ω)〉 = S2lm(Ω)δlm,npδ(r − r′)l3c ,
(26)
where Slm(Ω) is the rms (root mean square) value of
the strain fluctuation at a given frequency Ω. In this
case, integration of the amplitude envelope of the field in
the paraxial approximation is simplified. For fundamen-
tal Gaussian modes of waist wj(z), integration over the
crystal volume gives an effective waist for the field wjk∫
|uj(r)|2|uk(r)|2dr =
∫
2
π
1
w2j (z) + w
2
k(z)
dz =
ℓ
πw2jk
.
(27)
The noise coupling coefficient is inversely proportional to
the (effective) area of the beam inside the crystal. Con-
sidering that the noise is also proportional to the power,
the integration implies in an averaging of the intensity
over the crystal volume. The resulting noise is thus pro-
portional to the intensity of the field inside the crystal.
Finally, the product of the photoelectric tensor will
result in a coupling term
cjk(Ω) =
∑
lm
pjjlmpkklmS
2
lm(Ω) (28)
obtained by the scalar product of two vectors of six
dimensions. If the vectors aren’t collinear in this six-
dimensional space, we expect to have cjk <
√
cjjckk.
Strain fluctuations will therefore couple differently to
each field, resulting in imperfect correlation of the ad-
ditional phase noise.
Expressing the amplitudes αj =
√
Pj/(hνj) in such
a way that |αj |2 is the photon flux per second in the
8wavefront of the mode, we have
〈δQj(Ω)δQk(−Ω)〉 =
kjkk
n3jn
3
k
4hc
l3c cjk(Ω)
(
ℓ
√
λjλk
πw2jk
)√
PjPk
= ηjk
√
PjPk . (29)
Some important conclusions can be inferred. Wavelength
dependence of the noise coupling ηjk is restricted to
the wavevector modulus kj . The term in parenthesis
is equivalent to the ratio of the crystal length to the
effective Rayleigh length of the cavity [32]. The cav-
ity geometry determines the beam waist as well, re-
sulting in a noise that is proportional to the intensity.
The evaluation of cjk also explains the reason for having
ηjk <
√
ηjjηkk, leading to the expected imperfect noise
correlations for the phonon noise contribution to each
field: 〈δQj(Ω)δQk(−Ω)〉 <
√
∆2Qj(Ω)∆2Qk(Ω).
As for the coupling cjk, its direct evaluation is rather
cumbersome, but we can use the fact that the acoustic
energy density per unit volume V is related to the strain
field as E/V = ρv2sS
2/2 [32], where the crystal density is
ρ and vs is the speed of sound. To first approximation,
acoustic phonons can be considered to follow the Bose-
Einstein distribution [31] and at temperature T their
mean energy is
E =
∑
s
hΩs
·
1
exp(hΩs/(kBT ))− 1 +
1
2
]
, (30)
where different modes s imply in different wavevectors
and transverse or longitudinal components. For a given
frequency Ω ≪ kBT/h, the dependence of the energy
density on the temperature is linear. The coupling term
cjk should have a linear behavior with temperature.
Very few parameters involved in the value of ηjk in
eq. 29 can be controlled, in an attempt to reduce the
contribution of this noise in quantum optics experiments.
Finding crystals with smaller refractive index and pho-
toelastic effects, while maintaining high optical nonlin-
earities is not a trivial task. On the other hand, cavity
parameters (changing the field’s spatial profile) and crys-
tal temperature can be changed in order to reduce the
extra noise.
A. Intensity dependence
In order to make the study of the noise dependence on
the effective beam waist inside the crystal, we replaced
the OPO cavity by a nearly concentric cavity comprising
two spherical mirrors of curvature radius R = 25 cm,
separated by 62.6 mm, resulting in a beam waist of
w0 = 27.8 µm. The resulting Rayleigh length was
z′0 = nπw
2
0/λ = 8.13(10) mm, where n = 1.788 is the re-
fractive index for the mode 0 (532 nm, polarized in the xy
plane). Input coupler transmittance is T = 2γ = 12.0%
and internal losses amount to 2µ = 3.3%. We measured
the noise coupling for different crystal positions, obtain-
ing different values for the effective waist w00. For differ-
ent positions z of the crystal relative to the position of
the cavity waist, we expect to have, from eq. 27,
ℓλ
πw200(z)
= n
{
arctg
(
2z + ℓ
2z′0
)
− arctg
(
2z − ℓ
2z′0
)}
,
(31)
resulting in the term in parenthesis in eq. 29. As we can
see, this term depends only on the cavity geometry (that
determines the Rayleigh length), on the crystal length ℓ,
and on the refractive index. The results for the evalua-
tion of the noise coupling at diferent positions inside the
cavity are presented in fig. 7. The value of η00 is fitted
to eq. 31 with an overall multiplicative factor as the sin-
gle adjustable parameter, providing good agreement with
the theory.
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FIG. 7: Noise coupling term η00 as a function of the position
of the crystal inside the cavity. Solid line is a fit to eq. 31.
Therefore, the reduction of the waist inside the crys-
tal increases the noise coupling. On the other hand, it
will also reduce the threshold power. Both effects tend
to compensate each other. According to eq. 29, the noise
level depends on the intensity, as does the parametric
amplification [33]. For this reason, changes in the cavity
geometry are not expected to significantly affect the con-
tribution of the phonon noise, even though the threshold
power is reduced.
B. Temperature dependence
In order to analyze the temperature dependence of the
noise coupling constant η00, we returned to the origi-
nal OPO cavity configuration, and controlled the crystal
temperature, heating it above room temperature. As dis-
cussed, noise power is expected to be proportional to the
9temperature. Indeed, as can be seen in fig. 8, the results
in the range from 257 to 383 K can be adjusted by a lin-
ear fit with η00(T ) = [5.92(46)10
−3×T/K−1.38(13)]/W .
This monotonic increase of noise with temperature agrees
qualitatively with the na¨ıve model of the phonon noise,
although the slope of the curve does not match the pa-
rameters in eqs. 29 and 30. Furthermore, it can extrap-
olated to zero for a finite temperature. This discrepancy
can be explained by the fact that the simplified model
doesn’t account for the temperature dependence of the
photoelastic tensor, the crystal density or the speed of
sound, and a more complex behavior is expected. Nev-
ertheless, this result shows consistently that cooling the
crystal reduces the phonon noise. On the other hand,
nonlinear crystals such as LiNb03, where phase matching
is obtained by heating the crystal above 370K, should
give an increased contribution from this noise.
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FIG. 8: Temperature dependence of the noise coupling. Data
points for temperatures above 300 K were obtained in a single
experimental run. For lower temperatures, data points were
obtained on different days, leading to the increased dispersion
observed. Nevertheless, a clear trend is observed.
V. APPLICATION TO OTHER EXPERIMENTS
The additional phase noise treated here has been ob-
served in different OPO’s by several research groups.
In a first attempt to understand its origin [14], we ob-
served excess phase noise in the reflected pump beam,
which grew linearly with the incoming pump power be-
low threshold. Since the intracavity pump power above
threshold remains constant, this extra noise was initially
modeled as a constant noise, similar to what would be
expected from a noisy input pump [25].
Peng et al. [15] investigated the effect of pump excess
noise in the phase correlation between signal and idler
fields as well. Afterwards, they included in their model
a gain for the pump phase noise [16], and applied this
model to the analysis of previous results obtained from
different groups. In those models, the noise source re-
mained in the pump, while signal and idler were coupled
to this noise source only through the parametric process.
As such, perfectly correlated classical noise between sig-
nal, idler, and pump beams would be created, in contra-
diction to the observed discrepancies [19]. The observa-
tion of tripartite entanglement, for instance, would have
been easier.
Another model for this excess noise was recently pro-
posed, applied to the study of bipartite entanglement
between the fundamental and the second harmonic in
parametric conversion [17]. The phase noise introduced
is proportional to the field amplitude, and it is pre-
sented as Guided Acoustic Wave Brillouin Scattering
(GAWBS) [29]. In this case, crystal absorption would
be the origin of this extra noise term.
Our model relies on the intrinsic fluctuations of ther-
mal origin in the refractive index, which scatter photons
from the carrier into the noise sidebands. Here we ex-
tend our model to other experiments. In what follows,
based on the cavity parameters (losses, threshold power,
free spectral range, detection efficiency) and the mea-
sured results of entanglement or squeezing, we calcu-
late the values of the noise coupling terms ηjk. In or-
der to simplify the number of free parameters, we as-
sumed that all the noise coupling scales according to
the values independently obtained in our experiment
(eqs 21 and 22). Therefore we kept η11 = η22 = η00/4,
η01 = η02 = 0.27η00, and η12 = 0.16η00, and evaluated
the value of η00 using the model of eq. 14.
Previous measurements of bipartite entanglement in
our lab employed another OPO cavity, used in refs. [14,
28]. Noise in these systems could be correctly fitted with
η00 = 0.72/W . In the first demonstration of bipartite
entanglement in the above-threshold OPO [11], a value
η00 = 0.64/W accounts for the difference of 0.21 units
of SQL between the measured quadrature noise and the
expected value from the theory without additional noise.
Extending this analysis to other measurements, we car-
ried out the analysis for the frequency-degenerate OPO
studied in ref. [10]. In their case, the expected value for
the phase quadrature correlation would give a noise level
of 47% of the SQL. Instead, they measured excess noise
of twice the SQL. A noise coupling η00 = 1.16/W would
explain their results.
Other experiments presented unaccounted sources of
excess noise. For instance, in a cascaded χ(3) process [9],
pump squeezing reached only 6% (pump noise equal to
94% of SQL) in the phase quadrature, that could be ex-
plained with η00 = 0.24/W . This is a reasonable value,
considering here that they used a PPLN (periodically
poled lithium niobate) crystal pumped at 1.064 µm, half
the wavelength of the other experiments.
Recently, entanglement between fundamental and sec-
ond harmonic in process of up or down conversion in a
cavity was demonstrated. From the work of ref. [17], us-
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ing a degenerate OPO/SHG with injection at both wave-
lengths, we could calculate the relation of the constants
ηkk using the given value for the parameter ξk, obtaining
values of η00 = 0.77/W and η11 = 0.19/W .
All those experiments, involving diferent crystals,
wavelengths and configurations, returned values for the
noise coupling of the same magnitude of the results ob-
tained in the present paper. Other experiments with the
OPO, such as twin beam generation, involved only ampli-
tude quadratures. Thus, they were free from this excess
noise source. The reported values of squeezing matched
the expected results once the technical problems were
taken in account. The fact that amplitude noise is un-
coupled from the fluctuation in the refractive index due
to phonons inside the crystal is a good reason why they
were observed long before phase quadrature squeezing
and entanglement.
On the other hand, the experiment of squeezing in
SHG [7] was performed with a scanning cavity that pre-
sented squeezing at exact resonance, but very high excess
noise for non-zero detuning. In this case, amplitude and
phase noise are coupled in the drift matrix, and the ex-
cess phase noise owing to the additional phonon noise,
expected to be present in that case, was coupled to the
amplitude.
For experiments with the OPO below threshold, the
pump field acts as a classical field, driving the paramet-
ric process, and therefore the noise remains uncoupled.
Since these experiments have negligible intracavity power
for the generated vacuum modes, the scattering of the
central carrier can be neglected. Nevertheless, it may
still act as an extra loss source, and may need to be con-
sidered when attempting to obtain very high levels of
squeezing.
Not all the other experiments considered could be suc-
cessfully analyzed by our model. Exceptions, result-
ing in smaller values for the noise coupling η, were ob-
served. In the article by Peng et al. [12], the differ-
ence of 10% of SQL between theory and measurement
could be explained by a value of η00 = 0.68 × 10−2/W ,
much smaller than the value obtained in the present ar-
ticle. Another article, by Pfister et al. [13], would yield
η00 = 0.84 × 10−1/W for the difference of 14, 2% of the
SQL in the phase correlation. In both cases an (almost)
open cavity for the pump mode (very low cavity finesse)
was employed. This invalidates the assumption of small
losses for the pump mode used in the present model.
VI. CONCLUSION
We analyzed the unexpected phase noise observed in
Optical Parametric Oscillators and developed a model
that agrees well with the experimental results. The ori-
gin of the noise was determined to be the random fluc-
tuations of the refractive index (or the crystal permit-
tivity) induced by thermal phonons within the crystal.
This fluctuation scatters light from the mean field into
the noise sidebands, acting as an additional noise source
in quantum optics measurements.
The noise source was characterized for a cavity with a
KTP crystal, and the observed results agree well with the
model regarding the noise dependence with power, cav-
ity geometry, wavelength, and temperature dependence.
The latter is the strongest evidence of the role played by
the phonons. We applied the noise model to the OPO
and observed good agreement with the experiment.
Other systems reported in the literature were analyzed,
and the model consistently succeded in explaining dis-
crepancies between the theory without extra noise and
the observed results. The additional noise value we have
inferred for most of the experiments was of the same or-
der of magnitude of the noise we measured in the present
paper. This indicates that such an effect may have to be
considered in designing other quantum optical systems
with nonlinear crystals inside cavities.
Our recent research has been driven by a quest for
three-color tripartite pump-signal-idler entanglement in
the above-threshold OPO [18, 19]. Previous attempts
were frustrated by the presence of this extra noise source
of then unknown physical origin. Following the results
presented here, by lowering the crystal temperature we
finally succeeded in experimentally observing the di-
rect generation of tripartite entanglement [34], produc-
ing three entangled fields of different colors. We expect
interesting applications in quantum information for this
unusual light source. Borrowing a line from Alfred Hitch-
cock, in The Trouble With Harry, we can proudly an-
nounce that the trouble with the noise is over.
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